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Ridge solution set

e Solution set ('regularization path’):
S(v,u|Q,v) = {u7 e RY ‘ F0<y <400 st (Q+vIn)uy = v}

o Let USUT = Q denote the SVD of the matrix Q with UUT = UTU = Iy

and > = diag(oy, ..., on) containing all ordered positive eigenvalues such
that o1 > - - - > oy.

o Rewrite KKT as

(UZUT—I-’yIn)a:Y & Ula= (
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Ridge solution set (Ct’'d)

Eigenvalues
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Ridge solution set (Ct’'d)

Convex relaxation:

S'(A, u|Q,v)
rUZTu:)\ZUF’U Vi =
0<X\i< Vi =
= o ’ ,

] A S A < Ap Vo

= Vo,

— Searching in convex set!
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Ridge solution set (Ct’'d)

Main result:
Proposition 1. [Maximal distance of relaxation] the maximal distance from an

element in S'(T", u|$2, v) to its closest counterpart of the non-convex S (v, u|Q, v)
can be bounded in terms of the maximum range of the inverse eigenvalue spectrum,

VI € RV min HUF_lUTv (4 &IN)—%U‘L < ||lv||s max (
i o

Proposition 2. [Smoothness of the Ridge Solution Set] The solutionset
S (v, u|2, v) is Lipschitz smooth when o > O.
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Ridge solution set (Ct’'d)

Corollary 1. [Modified Ridge Regression yielding a Convex Solution Path]
The convex relaxation constitutes the solution path for the modified ridge
regression problem

W = arg min Jp(w) = z”: (wai — y,->2 + %wT (UFUT) w

v i=1
where I' = diag(vyi1,...,yp) and ~y4 satisfies the constraint v; = /\id — oq for
alld =1, ..., D, and the following inequalities hold:
(i >0 Vd=1,...,D
3 (2) (@a+7a) = (0y+ ) > (0a+74) Yo, > o
\'Yd = g \V/O'd = Oy
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Tuning v Iin Ridge Regression
Data { (i, y:)}i—; and {(=}, y;)} ., iid from Fxy
Model f(z) = w” x, training problem:
W = arg min Jy(w) = Z (wTa:i — yi>2 + %wTw

w i=1

Normal equations:
KKT (wl~y, D) : (XTX n 71D> w=X"Y

Tuning the regularization constant:

(w, %) = arg minZE (wag — y;)) s.t. KKT(w|y, D) < S(v,w|D)

w,y>0 j=1

Convex relaxation

(12), A) — arg min Z ¢ (wT:r;§ — y;) st. S'(A,w|D)

Pelckmans et al., Additive Regularization Trade-off: Fusion of Trainining and Validati
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Tuning v > 0 in Least Squares Support
vector Machines

o Predictive model f(z) = w’ p(x) with ¢ : R* — R”

e Training problem:

mlnjy(w e)—Ze -+ w Twst. who(x;) + e =vy;, Vi

=1

e Normal equations:

KKT(al|v,D) : (K +~I,) a=Y

Optimal Prediction model f(z) = w"p(z) = 321, &K (xi, x)

e Tuning the regularization constant:

(w,5) = argmanE <Za K(zi, ;) — yj) st. S(v,a|D)

w,y>0 i—1
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Tuning the ridge w.r.t. 10-fold CV

L-fold — each fold has its own KKT condition:

(KKT (w7, D)
JKKT (w7, Day)

| KKT (waoylv: Do)

...but v coupled over folds!
Moreover, for each fold exists a separate validation set, thus

L
(w(l), f“y) = arg min Z £ (wg)xi - yz)

wpy>0 = (n—ny) (240 €DY)

1

s.t. KKT (w(l)h/, D(l)) V=1, ...
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Tuning the ridge w.r.t. CV

Proposition 3. [Coupling over different folds] Let UlZlUZT be the SVD of €2,

foralll = 1,...,10. (...) Then the following coupled relaxation is proposed:
( T T
UD wgy = MUD X0 YO v o (1),
O<>\k<i, Vk=1,...
/ L . Tk
S (A , W(1) D(l),...,D(L)) = X o / /
0—’7 A < A < Ag Vo, > o),
l
Ak = A Vo, = o

Thus the convex relaxation to tuning the ridge with respect to an L-fold CV
criterion yields to solving

- 1
min <—) Z / (wg)x;} — yf)

w(y A — n — ng "
(1) =1 () (wi,yi)E'D(l)

s.t. S/(AL, w(l)| D(l), ce ,D(L)) .

K.U.Leuven - SCD/SISTA 10/11



Examples

KULeuven - ESAT - SCD/SISTA 10 - o ' o

oLs RRA+CV
RR+CV RA+GCY
RR+GCW ; - = = fRRA+CV

= = = {RR+CV

/\ Introduction

4 Ridge set 19“:01 1tlf 10° 10' 10? 1c?
cond( X ) n
A Tuning ridge Results of a comparison between OLS and RR with D = 10, tuned by CV
A wort. CV (steepest descent), by GCV (using steepest descent) and the proposed method
fusing training and tuning the ridge together in one convex optimization algorithm.
> Example Panel (a) shows the evolution when ranging the condition number with n = 50

A Conclusions fixed. Panel (b) displays the evolution of the performance when the number of
examples ranges and T'( X1 X)) = 1e> is fixed. In both cases the proposed convex
relaxation is performing similar as steepest descent based counterparts, while it
significantly outperforms OLS in the case of low n or a high enough condition

number T'( X' X).

K. PELCKMANS K.U.Leuven - SCD/SISTA 11/11




KULeuven - ESAT - SCD/SISTA

Conclusions

Message:
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